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Abstract
For log-harmonic functions f(z) = zh(z)g(z) in the open unit disk U,




LH(α) consisting of all starlike
log-harmonic functions of order α (0 ≤ α < 1) are considered. The
object of the present paper is to discuss some coefficient inequalities for
h(z) and g(z).
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1 Introduction
Let H be the class of functions which are analytic in the open unit disc
U = {z ∈ C : |z| < 1}. A log-harmonic function f(z) is a solution of the






























Let a function f(z) given by
(1.3) f(z) = zh(z)g(z)
with 0 /∈ hg(U) be log-harmonic function in U, where h(z) ∈ H and g(z) ∈ H .









> α (z ∈ U)
for some real α (0 ≤ α < 1). We denote by S∗LH(α) all starlike log-harmonic
functions f(z) of order α in U.
The class S∗LH(α) was studied by Abdulhadi and Muhanna [4], and Po-
latoğlu and Deniz [6]. Furthermore, the classes of univalent log-harmonic func-
tions have been studied by Abdulhadi [1], [2], and Abdulhadi and Hengartner
[3].
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2 Coefficient Inequalities for h(z)
In order to consider our problem, we have to introduce the following subclass
H∗LH(α) of S
∗
LH(α). A function f(z) = zh(z)g(z) ∈ S∗LH(α) is said to be in a
class H∗LH(α) if it satisfies




n (h(0) > 0)
with an = |an| ei(nθ+π) (θ ∈ R).
Now we derive
Theorem 2.1. If f = zh(z)g(z) ∈ H∗LH(α) with












(n + 1 − α − β1) |an| ≤ (1 − α − β1)h(0).
Proof. Note that f = zh(z)g(z) ∈ H∗LH(α) ⊂ S∗LH(α) satisfies
∂
∂θ














> α (z ∈ U).
















( −∑∞n=1 n |an| einθzn








22 M. Aydoğan, E. Yavuz Duman and Sh. Owa
> α + β1 − 1
for all z ∈ U.









h(0) −∑∞n=1 |an||z|n > α + β1 − 1 (z ∈ U).















(n + 1 − α − β1) |an| ≤ (1 − α − β1)h(0).
Example 2.2. Let us consider a function f(z) = zh(z)g(z) ∈ H∗LH(α)
with
h(z) = h(0) +
∞∑
n=1
(1 − α − β1)h(0)einθ
























= (1 − α − β1)h(0).
Theorem 2.1 gives us the following corollary.
Corollary 2.3. If f(z) = zh(z)g(z) ∈ H∗LH(α) with (2.2) then
|an| ≤ 1 − α − β1
n + 1 − α − β1h(0) (n = 1, 2, 3, · · · ).
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Next, we show
Theorem 2.4. If f(z) = zh(z)g(z) ∈ H∗LH(α) with (2.2) then
(2.6)
(
1 − 1 − α − β1
2 − α − β1 |z|
)
h(0) ≤ |h(z)| ≤
(
1 +
1 − α − β1




(2.7) |a1| − ((1 − α − β)h(0) − (2 − α − β) |a1|) |z|
≤ |h′(z)| ≤ |a1| + ((1 − α − β)h(0) − (2 − α − β) |a1|) |z|
for z ∈ U. The equality in (2.6) holds for f(z) = zh(z)g(z) with
h(z) = h(0) +
1 − α − β1
2 − α − β1h(0)e
iθz.
Proof. We note that the inequality (2.3) gives us that
∞∑
n=1
|an| ≤ 1 − α − β1




n |an| ≤ (1 − α − β1)h(0) − (2 − α − β1) |a1| .
Thus, we have that






1 − α − β1









1 − 1 − α − β1
2 − α − β1 |z|
)
h(0).
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Furthermore, we have that




≤ |a1| + ((1 − α − β1)h(0) − (2 − α − β1) |a1|) |z|
and




≥ |a1| − ((1 − α − β1)h(0) − (2 − α − β1) |a1|) |z| .
Next, we consider
Theorem 2.5. Let f(z) = zh(z)g(z),where h(z) is given by (2.1) and
an = |an| ei(nθ+π) (θ ∈ R). If f(z) satisfies












(n + 1 − α − β2)|an| ≤ (1 − α − β2)h(0),
then f(z) ∈ H∗LH(α), where 0 < β2 < 1 − α.
Proof. Note that if f(z) satisfies
(2.10)
∣∣∣∣zh′(z)h(z)
∣∣∣∣ < 1 − α − β2 (z ∈ U),

















> α (z ∈ U).
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n=1 n |an| einθzn




h(0) −∑∞n=1 |an| .
Thus, if f(z) satisfies (2.9), then we have the inequality (2.10).
3 Coefficient Inequalities for g(z)
Let f(z) = zh(z)g(z) be in the class S∗LH(α). If f(z) satisfies




n (g(0) > 0)
with bn = |bn| einθ (θ ∈ R), then we say that f(z) ∈ G∗LH(α).
Theorem 3.1. If f(z) = zh(z)g(z) ∈ G∗LH(α) with












(n − 1 + α − γ1) |bn| ≤ (1 − α + γ1)g(0).



















< 1 − α + γ1 (z ∈ U).
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< 1 − α + γ1 (z ∈ U).












< 1 − α + γ1 (z ∈ U).
Thus, letting |z| → 1−, we obtain that
∞∑
n=1
(n − 1 + α − γ1) |bn| ≤ (1 − α + γ1)g(0).
Example 3.2. If f(z) = zh(z)g(z) ∈ G∗LH(α) with
h(z) =
2γ1
1 − z (γ1 > 0)
and
g(z) = g(0) +
∞∑
n=1
(1 − α + γ1)g(0)einθ











It follows that f(z) satisfies
∞∑
n=1
(n − 1 + α − γ1) |bn| = (1 − α + γ1)g(0).
Applying Theorem 3.1, we have the following result.
Theorem 3.3. If f(z) = zh(z)g(z) with (3.2), then
(3.4)
(
1 − 1 − α + γ1
α − γ1 |z|
)
g(0) ≤ |g(z)| ≤
(
1 +
1 − α + γ1
α − γ1 |z|
)
g(0)
Notes on starlike log-harmonic functions 27
and
(3, 5) |b1| − ((1 − α + γ1)g(0) − (α − γ1) |b1|) |z|
≤ |g′(z)| ≤ |b1| + ((1 − α + γ1)g(0) − (α − γ1) |b1|) |z|




|bn| ≤ 1 − α + γ1
α − γ1 g(0)
and ∞∑
n=2
n |bn| ≤ (1 − α + γ1)g(0) − (α − γ1) |b1|
for f(z) ∈ G∗LH(α), we prove the inequalities (3.4) and (3.5).
Finally, we derive
Theorem 3.4. Let f(z) = zh(z)g(z), where g(z) is given by (3.1) and
bn = |bn| einθ (θ ∈ R). If f(z) satisfies












(n − 1 + α − γ2) |bn| ≤ (1 − α + γ2)g(0)
then f(z) ∈ G∗LH(α), where α − 1 < γ2 < 0.
Proof. Note that if f(z) satisfies∣∣∣∣zg′(z)g(z)
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g(0) −∑∞n=1 |bn| ≤ 1 − α + γ2
if the inequality (3.7) holds true. Therefore, we see that f(z) ∈ G∗LH(α).
4 Open questions
We know that Jahangiri [5] has showed the coefficient inequality which is
the necessary and sufficient condition for harmonic convex functions f(z) of
order α in U. There are many necessary and sufficient inequalities for some
classes of analytic functions in U. We hope we will discuss some necessary and
sufficient conditions for starlike log-harmonic functions f(z) in U.
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